Hopf's proof that the real Cech cohomology H*(G) of a compact, connected Lie group G is an exterior algebra with odd-dimensional generators was followed by a demonstration that the number of such generators is equal to the rank of the group, that is, to the dimension of a maximal torus. We show that the latter result is a special case of a relationship between an automorphism of such a group and the automorphism it induces on the cohomology. 1* Introduction* For a set X and a function f:X-> X, let Φ(f) denote the set of fixed points of /: those x e X for which f(x) = x. If X is a topological group and / is a homomorphism, we use the symbol Φ 0 (f) for the component of the group Φ(f) which contains the identity element of X. By a graded vector space V we mean a sequence {V Q , V lf V 2 , •••} of (real) vector spaces. The dimension of V is the sum of the dimensions of the F*. A subspace of V is a graded vector space V = {V[} such that F is a subspace of V z ; for all i. Now let G be a compact, connected Lie group and let h be an automorphism of G. Denote by PH*(G) the graded vector subspace of primitives 1 
in the Hopf algebra H*(G) and let Ph* be the restriction to PH*(G) of the automorphism h*: H*(G)-> H*(G) induced by h.
The main result of this paper is THEOREM 
Let G be a compact connected Lie group and let h be an automorphism of G. Then the rank of the Lie group Φ 0 (h) is equal to the dimension of the graded vector space Φ(Ph*).
If h is the identity automorphism, then Φ(h) = G while Φ(Ph*) = PH*{G). Since H*(G) may be generated by primitives, the number of generators is the dimension of PH*(G).
Thus Hopf's result in [4] on the rank of a compact Lie group is this case of Theorem 1.1.
The next section presents a digression concerning the kernel of an endomorphism of a compact, connected abelian topological group. The setting is more general than is necessary for the later sections because some readers may find this material of independent interest. The proof of Theorem 1.1 is accomplished in §3. The remaining sections discuss consequences of the main result. Section 4 demonstrates that the existence of an automorphism h on a compact, connected Lie group G such that the fixed point group of h is of low rank implies that G has a very restricted type of infinitesimal structure. In §5, we obtain necessary and sufficient conditions for the power map p k (x) = x k on a Lie group with compact components to map a component onto another. This theorem extends the main result of [2] which established the conditions only for compact Lie groups. The results contained in this paper were announced in [I] 2 .
2* Endomorphisms of abelian topological groups* The kernel of a homomorphism h will be denoted by Ker (h). For a homomorphism h on a topological group, the symbol Ker 0 (h) will represent the component of the kernel of h that contains the identity element of the group.
Let G be a compact, connected abelian topological group and let h be an endomorphism of G. Denote the character group of G by G" and write the endomorphism of G" induced by h as h~.
For a subgroup H of G, let i: H-> G be inclusion and let Ann (if) denote the subgroup of G" consisting of all elements which vanish on H. By [6, p. 253] , there is an exact sequence
In particular, letting Im (h) be the image of h, we have the exact sequence
Since Im (hy is free, there exists a homomorphism e: Im (hy -> G" such that Ce is the identity function.
LEMMA 2.
Let h: G/Ker (h) -> G be the homomorphism induced by h, then hΓ takes G~ onto (G/Ker
and set a -
, PH*(G) and Ph* are denoted by H*(G) and Λ*, respectively.
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e(a') G (Γ, then hΓ(a) = β. PROPOSITION 
Let Gbea compact, connected abelian topological group, and let h be an endomorphism of G. Then the dimension of the topological group Ker 0 (h) is equal to the rank of the abelian group Ker (h~).
Proof. By the lemma, we have an exact sequence
Since G is connected, (G/Ker (h)y is free so ) are isomorphic free groups and their rank is equal to the dimension of the vector space Ker^*' 1 ).
3* Proof of the main theorem* We will use the symbol Aut(G) to denote the group of automorphisms of a Lie group G and Inn (G) for the inner automorphisms. m is the identity transformation E, so that multiplicity is equal to the dimension of the kernel of PA* -E, which is Φ(Ph*).
Now we turn to the proof of Theorem 1.1, that is, we obtain the conclusion of Lemma 3.1 without the hypothesis "A w elnn(G)". Let Z be the identity component of the center of G and let S be the maximal connected semisimple normal subgroup of G, then G = ZS and Z Π S is finite. Since Z and S are characteristic subgroups of G, an automorphism h of G restricts to automorphisms h z and h s of Z and S respectively. Then
because the equation is true of the corresponding Lie algebras. By DeRham's theorem and the Kiinneth theorem, there are natural isomorphisms of algebras
H*(G) = H*(®) -H*(Z x S) -H*(Z) <g) H*(S)
where © denotes the Lie algebra of G. The isomorphisms permit us to identify PfiΓ*(G) with PH*(Z) 0 PH*(S) (direct sum). Furthermore, naturality permits us to identify PA* with PA|φPA|, so it must be that dim (Φ(Ph*)) = dim (Φ(PAJ)) + dim (Φ(PΛJ)) where "dim" means dimension. Thus we have reduced the theorem to the corresponding statement for h z and for h s . Since Z is a torus, Ph% = Al' 
. Since S is semisimple, Aut (S)/Inn (S) is a finite group so 3.1 establishes the result for h s and completes the proof of Theorem 1.1.
The fact that the rank of Φ 0 (h) is equal to the dimension of PH*(Φ Q (h)) might lead one to suspect that Theorem 1.1 is a consequence of some more elaborate relationship between H*(Φ 0 (h)) and Φ(h*). However, let geG be such that the closure of the subgroup it generates is a maximal torus and let h be conjugation by g, then ft* is the identity isomorphism, but Φ 0 (h) is just the maximal torus. 4* A bound on the rank. Let SI be a simple Lie algebra and let | θ(3I) denote the number of algebra generators of £Γ*(St) which are fixed under η* for all automorphisms rj of SI. PROPOSITION 
for all automorphisms h of G.
Proof. By Theorem 1.1, the rank of Φ Q (h) is equal to the dimension of Φ{Ph*). Let PH*(®) denote the image of PH*(G) under the deRham isomorphism. By [3; p. 257], Ph* can be identified with the restriction of ψ to PJGΓ*(O), for an automorphism rj of ©. Consequently, it is sufficient to consider each type of simple Lie algebra in © by itself. That is, it is enough to prove that if G is a Lie group such that @ = SI φ 0 SI (k factors) where SI is simple, and h is an automorphism of G, then the rank of Φ 0 (h) is at least /)(SI). In this case, the matrix M of the restriction of ψ to PH*(®) contains k rows corresponding to each generator of PH*{W). If the generator is one which contributes to p{%), then those same rows of M -E (E the identity matrix) are linearly dependent. Thus the multiplicity of +1 as an eigenvalue of M is at least ,0(21) and we conclude that the dimension of Φ(Ph*) for any automorphism h of such a group G is indeed at least <o(2I).
If G is a simply-connected compact Lie group with its Lie algebra ® as in the proposition, then there is an automorphism h of G for which the rank of Φ 0 (h) is precisely Σ?=n°(5U> 5* The power map* Let G be a Lie group whose components are compact. In other words, G is an extension of a compact, connected Lie group G o by a discrete, but not necessarily finite, group. We define the rank of a component K of G to be the rank of the identity component of the centralizer of g in G, for some element g of K. To see that the definition is independent of the choice of the element, let C g :G 0 -+G 0 be conjugation by g and notice that the identity component of the centralizer of g is Φ 0 (C g ). A path in K from g to any other point g' induces a homotopy from C g to C g >, so C* = C*,. Since Theorem 1.1 states that the rank of Φ 0 (C g ) can be computed from C* f the theorem implies that the rank of a component is independent of the choice of element used to define it.
When G is compact, the definition of the rank of a component 
